A SCHWARZ LEMMA FOR HARMONIC MAPPINGS BETWEEN THE UNIT 

BALLS IN REAL EUCLIDEAN SPACES 

SHAOYU DAI AND YIFEI PAN 

Abstract. In this paper we prove a Schwarz lemma for harmonic mappings between the unit 
balls in real Euclidean spaces. Roughly speaking, our result says that under a harmonic mapping 
between the unit balls in real Euclidean spaces, the image of a smaller ball centered at origin can 
5-H ' be controlled. This extends the related result proved by Chen in complex plane. 
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Let n be a positive integer greater than 1. W 1 is the real space of dimension n. For x = 

(xi,--- ,x n ) £R n , let \x\ = (|xi| 2 H + |x n | 2 ) 1 / 2 . Let B™ = {x G K™ : \x\ < 1} be the unit ball of 

R n . The unit sphere, the boundary of B™ is denoted by S; normalized surface-area measure on S 
is denoted by a (so that cr(S) = 1). Let S + denote the northern hemisphere {x = (x±, ■ ■ ■ ,x n ) G 
S : x n > 0} and let S~ denote the southern hemisphere {x = (xi,--- , x n ) G S : x n < 0}. 
N = (0, • • • , 0, 1) denotes the north pole of S. B™ = {x G M™ : \x\ < r} is the open ball centered at 
origin of radius r; its closure is the closed ball Bfi. 

Let m be a positive integer with m > 1. A mapping F = (F%, • • • , F m , F m +i) from B n into B m+1 
^vq | is harmonic on B n if and only if for k = 1, • • • ,m,m + l, F^ is twice continuously differentiable and 

AFfc = 0, where A = D\ + • • • + D 2 and D 2 - denotes the second partial derivative with respect to 



1. Introduction 



the j coordinate variable Xj. By £l nmr +.i, we denote the class of all harmonic mappings F from 



Cj. ~ 

B n intoB m+1 . 

Let 5S n be the unit ball in the complex space C n . Denote the ball {z G C n : \z\ < r} by 5S"; 
its closure is the closed ball 93". For a holomorphic mapping / from 93™ into 93 m , the classical 
S^ | Schwarz lemma pQ says that if /(0) = 0, then 

.a: (i-i) i/(*)i<m 

holds for z G 93™. For < r < 1, (jl.ip may be written in the following form: 

7(93") C W 1 - 

So the classical Schwarz lemma can be regarded as considering the region of /(93™). If /(0) ^ 0, 
then what the region of /(93 n ) is. It seems that there is not much of research in the literature. 
However, the same problem also exists in harmonic mappings. The work in the following by Chen 
[2] seems to be the first result of this kind of study for harmonic mappings in the complex plane. 
Let D be the unit disk in the complex plane C Denote the disk {z G C : \z\ < r} by D r ; its 
closure is the closed disk D r . For < r < 1 and < p < 1, Chen [2] constructed a closed domain 
E r>p and proved that 

Theorem A. Let 0<p<l, a6l and < r < 1 be given. For every complex-valued harmonic 
function F on D such that F(D) C B, if F(0) = pe ia , then 

(1.2) F(D r ) C e iQ £ r , p , 
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which is sharp. 

Note that the function F in the above theorem can be seen as F £ ^2,2- So (|1.2|) can be 
regarded as considering the region of F(B$) when F £ ^2,2 regardless of -F(O) = or ^(0) ^ 0. In 
[2], the most important theorem for the proof of Theorem A is the theorem as follow, which is the 
motivation for our study of the extremal mapping. The mappings U a ,b>r an d -^a,fc,r ^ n the following 
theorem are defined in [2]. 

Theorem B. Let F = U + iV be a harmonic mapping such that F(U) C D and F(0) = a + bi. 
Then for < r < 1 and < 9 < 2vr, 

U(re ie ) < U aAr (ri) 

with equality at some point re if and only if F(z) = -Fa,^^ _ 'z). Furthermore, U(z) < 
U a ,b,r(ri) for\z\ <r. 

A classical Schwarz lemma for complex- valued harmonic function on M n [3] says that 

Theorem C. Suppose that F is a complex-valued harmonic function on B n , \F\ < 1 on B n , and 
F(0) = 0. Then 

(1.3) \F(x)\ < U{\x\N) 

holds for every x E M n , where U is the Poisson integral of the function that equals 1 on S + and -1 
on S~ . Equality holds for some nonzero x £ B n if and only if F = X(U o A) where X is a complex 
constant of modulus 1 and A is an orthogonal transformation. 

Especially, when n = 2 in the above theorem, it is known [4J that 

4 
1^(^)1 < — arctan \x\ 

IT 

holds for every x G B 2 . 

From Theorem C, for < r < 1, fjl .3j) may be written in the following form: 

(1.4) F(B?) cD u(rN) , 

where Du( rN ) = {z £ C : \z\ < U(rN)}. 

Note that the function F in the above Theorem C can be seen asFG Q n ,2- So (jl.4p can be 
regarded as considering the region of F(B™) when F S £l n ,2 with F(0) = 0. It is natural to consider 
that if F £ £l n ^2 with F(0) 7^ 0, then what the region of F(B™) is. Furthermore, we want to know 
that for the general F £ tt n ^ m+ i, what the estimate corresponding to (jl.4p is when F(0) = or 
-F(O) ^ 0. This problem will be resolved in this paper. When -F(O) 7^ 0, this problem is serious 
because the composition / o F of a mobius transformation / and a harmonic mapping F does not 
need to be harmonic. 

In this paper, inspired by the method of the proof of Theorem B in [2], we obtain the following 
Theorem [TJ which is very important in this paper. f)1.5|) is the estimate corresponding to ()1.3|) 
without the assumption F(0) = 0. Especially, when F(0) = 0, we have Corollary [lj which is 
coincident with Theorem C when m + 1 = 2. Note that in the following theorem, Fr a ^\Q e ^ r is 
defined as (I3T231 . 

Theorem 1. Let F(x) be a harmonic mapping such that F(R n ) C B m+1 and F(0) = (a,b), where 
a £ R m and b £ R. Let e be a unit vector in R m+1 ; e = (1,0, • • • ,0) £ R m+1 and Q e be an 
orthogonal matrix such that eQ e = eo- Then, for < r < 1 and uj £ S, 

(1-5) (F(ru),e) < (F {a , b)Qe , r (rN),e ) 

with equality at some point ruj if and only if F{x) = F^ ab ^Q er (xA)Q~ 1 , where A is an orthogo- 
nal matrix such that uA = N and Q~ l is the inverse matrix of Q e . Furthermore, (F(x),e) < 
( F (a,b)Q e A rN )i e o) f° r N < r - 
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Corollary 1. Let F{x) be a harmonic mapping such that FiW 1 ) C B m+1 and F(0) = 0. Then 

\F(x)\ <U{\x\N) 

for every x E B n , where U is the Poisson integral of the function that equals 1 on S + and -1 on S~ . 
Equality holds for some nonzero x$ E M n if and only if F(x) = U(xA)e, where A is an orthogonal 
matrix such that xqA = \xo\N, e is a unit vector in R m+1 . 

From Theorem HJ we deduce the following theorem, which is called a harmonic Schwarz lemma 
for F E $7 n:m+ i and which resolves the problem we want to know above. Theorem [2] extends 
Theorem A and is coincident with Theorem A when n = m + 1 = 2. Note that in the following 
theorem, Ft a ^\Q s>r is defined as (13.231) . 

Theorem 2. Let F(x) be a harmonic mapping such that F(R n ) C B m+1 and F(0) = (a,b), where 
a E R m and b E R. Let < r < 1. Then 

(1.6) F(B?) C E r ^ b) , 

where 

E r,(a,b) = [I Re, 

eeM m + 1 i |e|=l 

R e = {xe R m+1 : (x,e) < (F (ajb)Qejr (rN),e )}, 
eo = (1, 0, • • • , 0) E R m+1 and Q e be an orthogonal matrix such that eQ e = eo- 

Note that E r u b \ in Theorem [2] is a region enveloped by all the hyperplanes 

P e = {x E R m+1 : (x,e) = (F^ b)Q ^ r (rN),e )}, 

which is the boundary of R e . By Theorem [TJ it is obviously that the region E r r ab \ is sharp. This 
means that under F E $^n,m+l) the image of a small ball centered at origin of radius r can be 
controlled. 

In section [21 we will give two main lemmas. The proofs of the lemmas will be given in section 
HJ In section [3l the main results of this paper and the proofs will be given. 

2. The main lemmas 

In this section, we will introduce two main lemmas, which are important for the proof of Theorem 
[3] and which extend the related lemmas proved by Chen in [2]. Lemma [1] constructs a bijection 
(R,I) from R m x R + onto the upper half ball {(a, b) : a E R m ,b E R, \a\ 2 + b 2 < 1, b > 0}, which 
will be used to construct u a b ^ r in Theorem[3]for the case that b > 0. Lemma [2] constructs a bijection 
1Z from R m onto the ball {a : a E R m , \a\ < 1}, which will be used to construct u abr in Theorem 
[3] for the case that 6 = 0. Now we give the two main lemmas. The proofs of Lemma [1] and Lemma 
[2] will be given in section |U 

For < r < 1, /z > 0, A E R m , and I = (1, 0, • • ■ , 0) E R m , define 

(2.1) A rX Juj) = - ( — -l-\\, UJ^S, 

v ; ' ' M ' fi \\rN-L)\ n J 

and 

(2.2) R(r,\,ft)= f , hkd=L =da, I(r,X,n)= [ , 1 = da. 

The idea of the conformation of A rt \^(ca), R(r, A, fj) and I(r, A, //) originates from (|3.5p and (|3.10p . 

Lemma 1. Let < r < 1 be fixed. Then, there exist a unique pair of continuous mappings 
A = A(r, a, b) E R m and fi = fi(r,a,b) > 0, defined on the upper half ball {(a, b) : a E R m ,b E 
R, \a\ 2 + b 2 < 1, 6 > 0} 7 suc/i i/iai i?(r, A(r, a, 6), /i(r, a, 6)) = a and I(r, \(r, a, b),fj,(r, a, 6)) = 6 /or 
any point (a, 6) in the half ball. 
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For < r < 1, A G R m , and I = (1, 0, • • • , 0) G R m , define 

(2.3) „4 rA (u;) = ;— Z — A, weS, 

' IrAf-wl™ 

and 

(2.4) ^ A )=/uH^ d(T - 

Js |A-,a(w)| 
The idea of the conformation of ^4 ri/ \(w) and lZ(r,\) originates from (|3.15|) . Note that 7Z(r,\) is 
well defined, since |.4 r) A(w)| ^ except for a zero measure set of oo at most. 

Lemma 2. Let < r < 1 be fixed. Then, there exist a unique continuous mapping A = A(r, a) G 
W 71 , defined on {a : a G R m , |a| < 1}, such that TZ(r, A(r, a)) = a for any point a. 

3. The main results 

Let a G W 71 , 6 6 1 and < b < 1, \a\ 2 + ft 2 < 1. Let ZY a) 6 denote the class of mappings 
u G (L°°(5)) m satisfying the following conditions: 



(3.1) IMIoo < 1) / u(uj)da = a, / -^/l — |ii(w)| 2 <i<7 > b. 

Js Js 

Every function u G (L°°(S)) m defines a harmonic mapping 

U(x) = [ , , u(u;)da for x G B n . 

7 S |x- w| n 

Let < r < 1, I = (1, 0, • • • ,0)el m and define a functional L r on (L°°(S)) m by 

(3.2) L r (u) = (U(rN), I) = f \~ r (u(u), l)da. 

Obviously, Ua^ is a closed set, and L r is a continuous functional on U a ^. Then there exists a 
extremal mapping such that L r attains its maximum on lA a ^ at the extremal mapping. We will 
claim in the following theorem that the extremal mapping is unique. In the proof of the following 
theorem, we will construct a mapping uq first and then prove that no is the unique extremal 
mapping, which will be denoted by u a ^^ r . 

Theorem 3. For any a, b and r satisfying the above conditions, there exists a unique extremal 
mapping u a ^ jT G U a ,b such that L r attains its maximum on lA a ^ at u a ^^ r . 

For the proof of Theorem [31 we need Lemma 1 , Lemma 2 and the lemma in the following. 

Lemma 3. Let x,y G M. m , \x\ < 1 and \y\ < 1. Then 

cs<n /I — i7i2 /I — Ti2 ( x -y>y) \x-y\ 2 (l-\y\ 2 ) + \(x-y,y)\ 2 

(3.3) v 1 - \y\ - v 1 - M = u i i ? + 



V^W 2(1 - |$|2)3/2 

holds, where y = y + £(x — y), < ( < 1. 



Proof. Let re = (xi,--- ,x m ), y = (yi,--- ,y m ) and g(x) = y/l - \x\ 2 . For j = 1, ••• ,m and 
fc = 1, • • ■ , m, denote ^p by £,(x) and g x ^ x J k by ^(x). Then 

9j(x) = 7= , 

v l — N 

<9 2 #(x) _ <5jfc(l - |x| 2 ) + XjXfc 
where 
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Let (p(t) = g(y + t(x — y)). By Taylor formula, we have 

(3.4) <p(l) - <p(0) = (f/(0) + ^"(C) (0 < C < 1). 

Note that 

<p(P) = g(y) = \A-lyl 2 , ^(i) = g(x) = yr 

m 

<p'(t) = ^2 9j(y + t( x - v)) • ( x j - Vj), 

0=1 

^(o)=E^)-(^-%)=-^==> 

JS v l ~\y\ 2 

in 

</(*) = J2 9 ^ v + f ( x ~ y ^ ' to ~ yj)( x k - yk), 
j,k=i 

<p"(0 = J2 g ^v) ' ( x j ~ yj)i x k - yk) 
j,k=i 

\x - y\ 2 (l - \y\ 2 ) + Yl™k=iyjyk(xj - yj)(x k - y k ) 
(l-|y|2)3/2 

\x-y\ 2 {l- \y\ 2 ) + \(x-y,y}\ 2 

(l_|y|2)3/2 

where y = y + Q{x — y). Then by (|3.4|) . ()3.3|) is proved. D 

Now we give the proof of Theorem [3l 
Proof of Theorem^ Let a, 6 and r be fixed. First assume that b > 0. From Lemma [TJ we have 
A = A(r, a, 6) and \x = /u(r, a, 6) > such that R(r, A, //) = a and J(r, A, /j) = b. For the need of 
(I3TTUJ) . let 

where ^4 r .A, M (w) is defined as (|2.ip . Then ||uo||oo < 1 and by (|2.2p . we know 

(3.6) / uo(u))da = R(r, A, fi) = a, / \/l — |uo(u;)| 2 d<7 = 7(r, A, /x) = 6. 
Js Js 

This means that «o £ Ma,b- 

Let u G W a ,6- By (13. If) and (13.61) . we have 

(3.7) {u (uj)-u(uj),X)da = 0, 



(3.8) ^x / (Vi-koMl 2 - v / T r kRF)^ < o. 

By Lemma O we have 

Vi-NMI 2 -\/i-K^)| 2 

(3.9) ^ (u(u)-uo{u),uq(u})} \u(uj) - K (a;)| 2 (l - \u{u)\ 2 ) + \(u{u) - uq(u),u(u))\' 

Vl-|uoM| a 2(l-|i2(a;)P)3/2 
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where u(uj) = Uo(u>) + ((u(uj) — uq(lo)), < £ < 1. By (13.5P and (12. ip . we have 
(3.10) , * , * - A - - ^° (U;) = 0. 

Then by fl32D and pTTl) - (13TT0T) . we obtain that 

L r (uo) — L r (u) f {uq(cu) — u(uj), 1} 



1 — r 2 J5 \rN — io\ n 

- / FITt w, da ~ / <«o(w)-«(w),A)do- 

+/i /(Vl-|n (w)| 2 - ^l-I^MI 2 )^ 

/ ( \ < \ 1 1 \ ut/qM v , 
(«o(w — ww, 1 — — 7-1 — A )aa 

/• KoQ - n (w)| 2 (l - |n(o;)| 2 ) + |(n(w) - uq(lj) ,u("))\ 2 , 
+/i i 5 2(l-|n( W )| 2 )3/ 2 

/• |n(o;) - n (a;)| 2 (l - |n(a;)| 2 ) + |(u(a,) - n (a;),nM)| 2 
M 7 S 2(l-|S(a;)P)3/2 

Note that 

||u(w)|| = ||uo(w) + ((u(u) - u (u))\\ 

= ||«o(w)(l-C) + C«(w)|| 
<||«o(o;)||(l-C) + IKw)||C 

<i-C + C = i- 

Thus L r (uo) > L r (u) with equality if and only if u(cj) = Uq(u>) almost everywhere on S. This 
shows that Uo(w) is the unique extremal mapping, which will be denoted by u a ^ r {oj). 
Next we consider the case that 6 = 0. For the need of (I3.18p . let 

(3.11) uo(w) = r 7-7- 

where A(r, a) and ./^Afoa) ( w ) are defined in Lemma[2j Obviously, ||uo||oo < 1) 



(3.12) / Vl-koMPda = 0, 
and by Lemma [21 

(3.13) / uo(u))da = TZ(r, A(r, a)) = a. 

is 

This means that no £ Z// a ,o- 

Let u G ZY 0i o- By (|3.ip and (|3.13p . we have 



(3.14) / (uo(w) - u(w), A(r, a))da = 0. 

By (|2.3p . we have 

(3-15) |rJV-o;|" f " A(r ' a) = ^A^a)^)- 

By IN |oo < 1, we have 

(3.16) \(u(uj),A rt X(r,a)(u))\ < |«(w)||A-,A(r,a)M| < | A,A(r,a)(^)|, 
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and 
(3.17) IA,A(r,a)(w)| = («M, A-,A(r,a)(w)) if and only if u(w) = r ' A r ' a) = Uq(u). 

|-^r,A(r,a)l w JI 

Then by l|53j> . (I3TTTI) and (l3TTil) - (l3T?]) . we obtain that 
L r (u ) - L r (u) f (uq(uj) - u(uj),1) 



1 — r 2 J s \rN — co\ n 

{uq(uj) -u(u),l) 



, .., . , da — (un(uj) — u(u>), \{r,a))da 
5 \rN -uj\ n J s x y ' y ' y " 

(u (uj) - u{uj), — -I - X(r, a)) da 

5 \rl\ — uj\ n 

(u (uj) - u(uj),ArU rj a)(u))da 

s 

(3-18) = / ( , r ' Ar ' ffl -u(uj),A riX (r,a){u))da 

JS IA-,A(r,a)(,WJ| 

(|A-,A(r,o)(w)| - («M, A- 1 A(r,o)M))dff > 

5 

with equality if and if u(u) = uo(oj) almost everywhere on S. Thus L r (uo) > L r (u) with equality 
if and if u{oj) = uq{oj) almost everywhere on S. The theorem is proved. □ 

Let a G R m , b € R, |a| 2 + 6 2 < 1, and < r < 1. If 6 > 0, u a ,fc,r has been defined in TheoremEl 
Now, define 

(3.19) v a ,b,rW) = yjl - \u aAr (u})\ 2 for u £ S, 

and 

f 1 — \x\ 2 

(3-20) U a;b;r (x) = / i _ U atbir (uj)d<J, 

/" 1 — |x| 2 

(3-21) K,6,r(^) = / I TzV a ,b,r{^)da. 

J s \x-u\ n 
For 6 < 0, let 

(3.22) U a ,bA x ) = U a -b,r(x), V a ,b,r{ x ) = ~V a -bA x )- 
Then for any a £ R m , b G R and |a| 2 + 6 2 < 1, let 

(3.23) F aAr (x) = (U aAr (x),V aAr (x)) for x€l" 

The harmonic mapping F a ^ b ^{x) satisfies jF o ,6,r(0) = (a, 6) and F aj fc jr (B n ) C B m+1 , since we will 
show that \U a>btr (x)\ 2 + |V a) fe jr (x)| 2 < 1. By the convexity of the square function, 

f \ — \x\ 2 
\U a , b , r (x)\ 2 + \V a ,b,r(x)\ 2 < / , L -L-(|«a,6,r(w)| 2 + V 2 a b r {u))da = 1 

with equality if and only if u a , b , r ,i{w)-> u a,b,r,'2( 0J ), ■ ■ ■ ,u ajb ,r,m(w) and v a>b;r (co) are constants almost 
everywhere on S, where 

Ua,b,r( u ) = ( - "a,b,r,l(^),'U a ,6, r ,2(w),--- , M a ,6,r,mM)- 

However Wa ) 6 I f. 1 i(w),ita,& 1 r,2(k'), • • • ,u a>b>r>m (u) are not possiblely constants almost everywhere on S. 

Thus |c/ aAr '(x)| 2 + \Va, b ,r(x)\ 2 < 1. 

The mappings i^ a & r are the extremal mappings in the following theorem. Theorem H] extends 
Theorem B to F £ £Ln,m+h and when n = m + 1 = 2, Theorem [J] is coincident with Theorem B. 
Note that in the following theorem, U abr is defined as (|3.20p and (|3.22p . F abr is defined as (|3,23p . 
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Theorem 4. Let F(x) = (U(x),V(x)) be a harmonic mapping such that F(M n ) C B m+1 and 
F(0) = (a,b), where U(x) £ R m , V(x) £l, fl£l m and b £ R. Zei Z = (1,0, • • • , 0) G M m . 2%en, 
for < r < 1 and uj £ S, 

(U(roo),l) < (U aAr (rN),l) 

with equality at some point ru if and only if F{x) = F a f, r (xA), where A is an orthogonal matrix 
such that ujA = N. Further, (U(x),l) < (U aybyr (rN),l) for \x\ < r. 

Proof. Step 1: First the case that ru; = rN will be proved. Let < f < 1 be fixed. Construct 
mapping 

G{x) = F{rx) for x £ B™. 

G(x) is harmonic on B and G(0) = (a,b). Let G(x) = (u(x),v(x)), where u(x) £ W 71 . Then 



klloo < 1, 



u(co)da = a, 



(3.24) 



v(oj)da 



\b\. 



y/l-\u(u)\ 2 do- > / \v(u)\da > 
's Js 

So by (|3.ip we know that u £ U a \bU an d by Theorem [3] we have 

(u(rN),l)<(U aMr (rN),l) 

with equality if and only if u(w) = u a \u r (oS) almost everywhere on S. For u a \i,\ r (uj), by (|3.6p and 
(I3.12p we have 



(3.25) / Jl - \u anr {u)\Ha = \b\. 

If u{ui) = u a ^\ %r {oj) almost everywhere on S, then by (|3.20j) and (|3.22|) . we have 

u(x) = U a ^ b \, r {x) = U a ^ r (x) for x £ B n ; 
and by (|3.19p . we have 

( 3 - 26 ) u a,|6|,r(w) = \J 1 - \u a ^ r (uj)\ 2 = \J \ - |«(w)| 2 . 

Note that by (I5T241 . ([3351) and (^261) we have 



\b\ 



^aJbLr^)^ " > / |v(w)|d<7 > 
5 JS 



v{uj)da 



\b\. 



Then 



So 



v{uj) = v a \u r ((J) almost everywhere on S when b > 0, 
v(u) = — v a ^^ r (co) almost everywhere on S when b < 0. 



v(aO = V aAr (x) for x G B n . 
For G(x) = (u(x),v(x)), it is proved that (u(rN),l) < (U a ^ r (rN),l) with equality if and only 
if G(x) = F aAr (x). Now let f -> 1. Note that 

lim G(x) = lim F(rx) = F(x), lim u(rN) = U(rN). 

r — > 1 f — > 1 f — > 1 

Then by the result for G(x), we have (U(rN),l) < {U a fi, r (rN)J) with equality if and only if 
F(x) = F aAr (x). 

Step 2: Now we prove the case that rw 7^ riV. Construct mapping 

F(x) = F(xA- x ) for x £ B n , 

where ^4 is an orthogonal matrix such that ruiA = rN and A -1 is the inverse matrix of A. By [3], 
we know that F{x) is also a harmonic mapping. Let 

F{x) = {U(x),V(x)). 
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Note that F(Q) = F(0) = (a, b). Then by the result of step 1, we have 

(U(rN),l)<(U aAr (rN),l) 

with equality if and only if F(x) = F a j,^ r (x). Note that U(rN) = U(rNA ) = U(roj) and 
F{x) = F(xA~ 1 ). Thus 

(U(no),l) < (U a , b!r (rN),l) 

with equality if and only if F^xA -1 ) = F a j, r (x). It is just that (U(ruj),l) < (U at b >r (rN),l) with 
equality if and only if F(x) = F a fi, r (xA). 

Step 3 : We will show that (U(x),l) < (U afi>r (rN),l) for |x| < r. Let 

(3.27) g(x) = (U(x),l) for x G B n . 

Then g(x) is a real-valued harmonic function. By the result of step 2, we know that 

g(ru)< (U aAr (rN),l). 
Then by the niaximum principle, we have 

g(x)< (U aAr (rN),l) for |x| < r. 
If there exists a point xq with |xo| < r, such that g(xo) = {U a> t, tr (rN),l}, then 

(3.28) g(x) = (U aAr (rN),l) for |x| < r. 

Then 

g(rN) = (U aAr (rN),l). 
Since by (13371) 

g(rN) = {U(rN),l), 
then we have 

(tf(ri\0,0 = (EW(riV),0. 
Then by the result of step 1, we have U{x) = U a ^ j7 .{x). Thus by ()3.27j) and f|3.28[) . we obtain 

(U a>b>r (x),l) = (U aAr (rN),l) for |x| < r. 

However, it is impossible since {U a b r (x),l} is not a constant for |x| < r. Therefore, for any x with 
|x| < r, we have g(x) < {U a b r (rN), I). The proof of the theorem is complete. □ 

Consequently, we have a corollary as follows. 

Corollary 2. Let F(x) be a harmonic mapping such that F(M n ) C B m+1 and F(0) = (a,b), where 
ael ra andbeR. Let e = (1,0,- •• ,0) 6M m+1 . Then, for < r < 1 and uj E S , 

(F(ruj),e }<(F aAr (rN),e } 

with equality at some point rco if and only if F(x) = F abr {xA), where A is an orthogonal matrix 
such thatujA = N, F ab ^ r is defined as (|3.23p . Furthermore, (F(x),eo) < {F a ,b,r(rN),eo) for \x\ < r. 

Generally, we have Theorem Q] in Section 1 . Now we give the proof of Theorem [TJ 
Proof of Theorem{J\ For i G B", we have 

(F(x),e) = F{x)e T = F{x){e Q- x ) T = F{x){e a Q T e ) T = F{x)Q e el = (F(x)Q e ,e ), 

where T is the transpose symbol. Let 

F(x) = F{x)Q e , x e B n . 

Then F(x) is a harmonic mapping by [3], and F{W) C B m+1 , F(0) = F(0)Q e = (a,b)Q e . Using 
Corollary [2] to F(x), we have for < r < 1 and uj £ S, 

(F(roj),eo)<(F {a , b)Qejr (rN),e ) 
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with equality at some point ru if and only if F(x) = Fr a ^\n er {xA), where A is an orthogonal 
matrix such that ruA = rN. Furthermore, (F(x),eo) < {F( a ,b)Q e ,r( r N), eo) for |x| < r. Note that 
for x G M n , F{x) = F(x)Q e , 

(F(x),e ) = (F(x)Q e ,e ) = (F(x),e) 

and 

{F(ru),eo) = {F(ru),e). 

Then the theorem is proved. □ 

From Theorem [H we obtain Corollary [T] in Section 1. Now we give the proof of Corollary [H 

Proof of CorollarylJl We will prove the corollary by three steps. 
Step 1: We claim that for < r < 1, 

(3.29) F ,o,r(aO = (l7(aO,0,-..,0) ? 

where U is the Poisson integral of the function that equals 1 on S + and -1 on S~ . 
By Theorem O (|3.1ip . (|2.3|) and Lemma [21 we have that 

j(l,0,'~ ,0), WGS+; 
[(-1,0,--- ,0), u <E S . 

Then by (pT20|) . (13191) and <j!T2I|> . we obtain that 

^o,o,r(x) = (tf (s), 0, • • • , 0) and V Q ^ r {x) = 0. 
Thus 

F ,0, r (x) = (U ,oAx),V 0fi ,r(x)) = (JJ(x),0,"' ,0). 

The claim is proved. 

Step 2: For any x E B n , let |x| = r, x = ru. Since F(0) = 0, by Theorem [TJ we have that for 
e = (1,0, • • • , 0) E R m+1 and any unit vector e E M m+1 , 

(F(rw),e) <(Fo,o,r(riV),eo). 

That is 

(3.30) (F(x),e)<(F mxl (\x\N),e ). 

If F(x) = 0, then obviously \F(x)\ < U(\x\N) since U(\x\N) > 0. If Fix) / 0, then let e = if&l 
and consequently by f)3.29j) and (|3.30p . we have |F(x)| < U(\x\N). 

Step 3: For some xo E B n , let |xo| = To. By Step 2 and Theorem [TJ we have that |F(xo)| = 
U(\xq\N) if and only if F(x) = Fo t o )ro (xA)Q~ , where A is an orthogonal matrix such that xqA = 
tqN, e = \ F u.°\ \ , Qe be an orthogonal matrix such that eQ e = eo, Q^ 1 is the inverse matrix of Q e . 
By ®M, 

F OAro (xA) = (U(xA),0,--- ,0). 

Note that 

(U(xA),0, • • • , 0) = (U(xA),0, • • • , 0)e^e o , 
where T is the transpose symbol. Then 

F(x) = (U(xA),0, • • • , 0)Q- 1 = ((U(xA),0, • • • , 0)el)(e Q- 1 ) = U(xA)e. 

The corollary is proved. □ 



a schwarz lemma for harmonic mappings 
4. The proofs of Lemma 1 and Lemma 2 
For the proofs of Lemma 1 and Lemma 2, we need the following two lemmas. 

Lemma 4. Let the determinant 



ii 



Qr, 



b + au ayi 
02i b + a 22 



a n i 



a n 2 



din 
d2n 

b + a n 



n> 2, 



where aij = —CiCj for i ^ 1 or j ^ 1. T/ien 
(4.1) 

Q n = b n + 6 n_1 (aii + a 22 + • • • + a nn ) + b n ~ 2 



a n a 12 

«21 «22 



+ 



an a i3 

«31 &33 



+ 



+ 



an ain 

Q"nl Q"nn 



Proof. Let 



Af. 



an ai2 

021 «22 



air. 

02r. 



Onl fln2 - - - CLnr 

By the definition of the determinant Q n , we have 

Q n = b n + 6 n_ (the sum of all the level 1 principal minor of A n ) 
(4.2) + b n ~ (the sum of all the level 2 principal minor of A n ) + ■■■ 

+ 6(the sum of all the level n-1 principal minor of A n ) + A n . 



When n = 2, (I4.1J) obviously holds. 

When n > 3, we will prove that for integer k > 3, the value of any level k principal minor of A n 
is 0. Let Pfc is a level fc principal minor of A n with fc > 3. Denote 



Pk 



^7-221 ^222 



1 «2«fe 



A 2fcH u '«fcl2 



Let 



and 



A({k — l)k\pq) =the 2x2 minor of Pk that lies on the intersection of rows (k — 1), k 
with columns p, q, where 1 < p < q < k, 

M{(k — l)k\pq) =the (n — 2) x (n — 2) minor obtained by deleting rows {k — 1), k 
and columns p, q from P^, where 1 < p < q < k. 

The cofactor of A((k — l)k\pq) is defined to be the signed minor 

A((k - l)k\pq) = (-i)^ k -^ +k+p+ ^M({k - l)k\pq). 

Then using Laplace's expansion to evaluate Pk in terms of the last two rows, we have 

(4.3) P k = Y, A{{k-l)k\pq)A{{k-l)k\pq). 

l<p<q<k 
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By k — 1 > 2, we have for any p, q (1 < p < q < k), 



A({k-l)k\pq) 



a ik-ii P a ik-iiq 



(4.4) 



H k i p 



^fc-l^P 



H k i q 



-Ci k _ x Ci q 



c i k c i p c i k Ci q 



0. 



Thus P k = by g3D and (IP) . 

When n > 3, it is proved above that for integer k > 3, the value of any level k principal minor 
of A n is 0. Then by <|Ol . 

Q n = 6 n + 6 n_ (the sum of all the level 1 principal minor of A n ) 
+ 6 n_ (the sum of all the level 2 principal minor of A n ) 

= b n + b n ~\a n +a 22 + --- + a nn ) + b n - 2 ^ 

l<i<j<n 



for 1 < i < j < n. 



Note that 














O'ii 


Clij 




CiCi 


CiCj 




Clji 


a jj 




CjCi 


~ C j C j 



Thus (|4.ip holds when n > 3. Then the lemma is proved. 
Lemma 5. Fixed integer k > 1, let matrices 



a 



A — (aij) kxk 



( xi \ 

x 2 

\ x k J 



, b 



b 2 
\b k ) 



c= (ci,c 2 ,--- ,Cfe), S 



A 6 

C Cfc+l 



Suppose that Ax + b = and det(A) ^ 0. Then 
(4.5) ex + Cfc+i 



det(B) 
det(A) ' 



Proof. For 1 < i < k, let Aj be the determinant obtained by replacing column j of det(A) with —b. 
For 1 < j < k + 1, let Bj be the determinant obtained by deleting row k + 1 and column j from 
det(-B). 

Using Cramer's rule to ^4x + 6 = we have 



Ai 



A 2 



A, 



X\ 



,x 2 



det{Ay det(A) 

Then 

(4.6) c\X\ + c 2 x 2 H h CfcX fc + Cfc+i 



i ' ' ' ; x k 



det(A) ' 



1 



det(A) 



c\A\ + c 2 A 2 H V c k A k + c k+ idet(A)). 
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Note that 



c\A\ + c 2 A 2 H h c k A k + c k+1 det(A) 



c\ 



-h\ an a i3 

-62 a22 023 



-b k a k2 afc3 



fl- 



an a i2 

«21 ^22 



(4.7) 



ci(-ir 



a k i Ofc2 
«12 ai3 

«22 &23 



G2fc 



Ofcfc 



+ C 2 



«n — &i ai3 • • • a ik 

0,21 —&2 «23 • • • «2fe 



a l(fc-l) 

a 2(fc-l) 



Ofcl — &/c Ofc3 



+ Cfc+1 



a kk 



+ 



a k(k-i) —h 
aik h 
a-ik b 2 



+ c 2 (-l) 



fc-i 



+c k (-iy 



a k 2 «fc3 • • • a kk b k 

an ai2 • • • ai(fe-i) b\ 

&2\ «22 • • • a 2 (fc_i) b 2 



an 


«12 • 


■ aik 




«21 


a22 • 


■ 0,2k 




Ofcl 


a k 2 ■ 


■ akk 




an 


ai3 • 


■ aik h 


021 


023 • 


■ a 2 k b 2 


afci 


a k3 ■ 


■ akk 


b k 



+ c fe +i(-l) 



011 au 
«21 022 



+ 



a lk 

a 2k 



«fcl «£i2 



Ofcl «fe2 • • • «fe(fe-l) &fc 

- ci(-l) fc Si + c 2 (-l) k - 1 B 2 + ■■■ + c k (-l) l B k + c k+ i(-l) B k+ i 

= ci(-l) k+2 Bi + c 2 (-l) k+3 B2 + ■■■ + c k (-l) 2k+1 B k + c k+ i{-l) 2k+2 B k+ i 

= det(B). 

Thus by P~6j) and (J4TTJ) . (j4"3j) is proved. 



Ofcfc 



D 



Now we give the proof of Lemma 1. 
Proof of Lemma 1. We will prove Lemma 1 by six steps, where Step 2 is only for the case that 
m = 1, and Step 3 - Step 5 are only for the case that m > 2. 

Step 1: We give some denotation and calculation. Write 

ArX^) =A(U) = {Ai{L0),A 2 (uj),--- ,An(w)), 

R(r,X,fJ,) = (Ri(r,\,n),R 2 {r,X,^,--- ,R m (r, X,fx)), 
I = ill,-" Jm),X = (Ai,A 2 ,--- >A TO ), and a = (ai,a 2 ,--- ,a m ). 



dRj(r,X,/i) 



(4.8) 

(4.9) 

(4.10) 

(4.11) 

(4.12) 



i? 



i? 



9Ai 
on gives 

ix J s (l + |A(a;)|2)3/2 
J /" -A(w)Aj(a;) 



R 8Rj( r,X,fj,) 



For i, j = 1, 2, • • • , m, we denote 
Then a simple calculation gives 

1 /•l + L4(u,)| 2 -^» 



<9/i 



i? 



dl(r,\,fi) 



JM» 9A, 



Ij and 






da for j = 1,2, • 



,m; 



./' 



W s (l + |A(u;)|2)3/2 



i? 



1 



J/' 



A-H 



M y S (l + |^)| 2 )3/2 



do- for i^j;i,j = 1,2, • 



do for j = 1, 2, 



'i = - 



4/M 



M J 5 (1 + |A(o;)|2)3/2 



do for j = 1,2, ■ 



\A(u) 



vJs{l + \A{u)\ 2 ?l 2 



da. 
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It is easy to see that 

(i) by P~8j) . for j = 1,2,- •• , m, Rjj < for any AeR" 1 and /x > 0, and Rj(r,X,[i) is strictly 

decreasing as a function of Xj for fixed the other components of A and //; 

(ii) by (|2.ip and (|2.2p . for j = 1, 2, • • • , m, fixing /i and the components of A expect Xj, Rj(r, X, fx) — > 

—1 or 1 according to Xj — > +oo or Xj — > — oo; 

(iii) by (|2J]) and (JZ2D, < I(r, X, fj) < 1 for any A e M m and y. > 0. 

In addition, we claim that 
(4.13) 



< for integer k with 1 < k < m — 1 when m > 2; 



i?ll 

i?21 


-R12 • • • Ri(k+i) 

R22 ■ ■ ■ R2{k+l) 


-R(fc+l)l R(k+1)2 " " " ^(fc+l)(fe+l) 




Ru R12 ■ ■ ■ Rik 

R21 R22 ■ ■ ■ R2k 






Rkl Rk2 ■ ■ ■ Rkk 





and 



(4.14) 



R\\ R12 
R21 R22 



Rml Rm2 
h h 



Rim Rlfi 
R2m R2fi 



Rr, 



R 



T71/i 




> when m > 1. 



Now we will prove the two claims above. 

For (gSD - dHgD , let da = (1/(1 + \A{u)\ 2 fl 2 )da, T = f g da, d£ = (1/T)da, b = / g (l + 
\A(to)\ 2 )d^, and for i,j = 1,2, ••• ,m, dij = J s —Ai{oS)Aj{oS)d£,, Cj = f s Aj(uj)d£. Then T > 0, 
f s d£ = 1, and 



(4.15) 



R 



.13 



T 

ji 



(b + djj) for j = 1,2,- •• ,m; 



(4.16) 



R 



j' 






for i / j;i,j = 1,2,- •• ,m; 



(4.17) 
(4.18) 
(4.19) 



T 
Rjti = Cj for j = 1,2, ••• ,m; 

/x 



T 
I,- = — c 7 - for 7' = 1, 2, • • • , m; 

jJL 



T ~ 



I ll = -(b-l); 



(4.20) 



& + on + a 2 2 H + 5,i > b + an + a 2 2 H h a r , 



1 fori = 1,2,. 



, m. 
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Since A 1 (u) = ~ ( ^ rN ^ n ~ AiJ by ([23]) and J 5 d£ = 1, we have 

-on - c? = / A?(w)d£ - f / AiMd^ 
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(4.21) 



Ai(w) - / Ai(w)# 



d£>0. 



When m > 2, since f s d£ = 1 and Aj(w) = — -^ for j = 2, • • • ,m by (|2.ip . we have 

(4.22) ajj = — I Ai(ui)d£ / Aj(u;)d£ = — CjCj for i / 1 or j ^ 1, i, j = 1, 2, • • • , m; 

Js Js 

and by (|4.2ip . we have 
(4.23) 



an ay 

Ojl Cljj 

For integer 1 < p < m, let 



an -c\Cj 

-CjCl —CjCj 



c, 2 (-an-c?)>0 fori = 2, 



, m. 



(4.24) 



Qt 



6 + an 5i2 

S21 6 + ^22 

5 p i a P 2 



flip 
••• b + a 



■[>[> 



By (|4.20p . we have that when p = 1, Q\ = b + on > 0. By (|4.22j) and Lemma 01 we have that 
when p > 2, 



Oil ay 

Ojl CLjj 



^[6+E^ +^ 2 E 

i=i / i=2 



Oil 01 j 



Consequently, by (|4.20p . f|4.23j) and 6 > 0, we obtain that when p > 2, Q p > 0. 
Let 

b + dn ^ai2 ■■■ ai m -c\ 
5 2 i 6 + a 2 2 • • • a 2m -c 2 



(4.25) 



If m = 1, then 



Q 



m+l 



Ojnl O rrl 2 

-Cl -C2 



b + a, 



"mm % 



6-1 



Q 



m+l 



6 + an -ci 
-ci 6-1 



; 6(6 + an - 1) + (-an - cf ) 



and Q m+1 > since (J4T20]) and (|OI|) . If m > 2, then by ([4T22]) . -Cj = -Cj x 1, -1 = -1 x 1, and 



Lemma HI we have 



III 



ill 



Q m+1 = 6 m+1 + b m \J2 a ]3 - 1 + 6™- 1 J2 



V?=i / \i=2 

m \ / m 



Oil Oij 

Ojl Ojj 



Oil -Ci 

-ci -1 



hE^-i p™" 1 E 



Oil Olj 
Ojl a jj 



+ 



an -ci 

-ci -1 
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and Q m+1 > since flOPl) . (|OB . (J4T23D and b > 0. 

By (14. 151) . (14. 16ft and (j4.24|) . we have for integer k with 1 < k < m — 1 when m > 2, 



#21 


Rl2 • • • -Rl(fe+1) 
#22 • • • R2(k+1) 


#(fc+l)l #(fc+l)2 ' ' ' R(k+l){k+l) 




Rn R12 ■ ■ ■ Rik 

R21 R22 ■ ■ ■ R2k 






Rkl Rk2 ■ ■ ■ Rkk 





fc+1 



b + On »12 

&21 & + «22 

S(A;+1)1 a (fc+l)2 



fc+1 



Qfc+i 



_r\ Qfc+i 



Q* 



a i(fc+i) 

a 2(fc+l) 



b + a 



(k+i)(k+i) 





6 + an 


Ol2 


O-lk 




(-?)' 


«21 


b + a 2 2 • 


0-2k 






Ofcl 


a-k2 


■ b + dkk 





Note that T > 0, /x > 0, Qk > 0, Qfc+i > 0. Then the first claim (14.13P is proved. 
By dUSD - dllSD , (J4T24]) and (|435|) . we have when m > 1, 



#21 #22 


Rim Rl/j, 
R2m #2/i 


#ml #m2 - - - 
/l / 2 • • • 


ti"irim -n-m/i 
-*m A/j. 




#11 #12 
#21 #22 


Rim 
#2m 






Rml Rm2 


J^mrn 









b + an 


012 


Olm 


-ci 


(-1)'" 


(iP 


«21 


6 + 022 • • 


G2m 


-C2 






0"ml 


«m2 


^ ~r ttmm 


CjTi 






~C\ 


-C 2 


Cm 


6-1 






b + du 


«12 


Olm 






/ T\ m 


&21 


6 + a 2 2 • • 


fl2m 






I mJ 














0"ml 


a m 2 


+ 0"mm 





(\ m+l 
5) ft 



m+l 



-i ft 



TQ 



m+l 



M Qr 



Note that T > 0, /i > 0, Q m > 0, Q m +i > 0. Then the second claim (|4.14p is proved. 

Step 2: Step 2 is only for the case that m = 1. By (i) and (ii) in Step 1, we know that for fixed 
//, Rtr, A, n) is strictly decreasing from 1 to —1 as A increasing from —00 to +00. Then for any 
— 1 < a < 1 and fixed fi, there exists a unique real number A(/z, a) such that 

R(T,X,n)\x=x(ji,a) = a - 
Further, using the implicit function theorem, we have that the function A = A(//, a) defined on 



{(//, a) : fj, > 0, — 1 < a < 1} is a continuous function and 



d\(p,a) 



exist. 



Step 3: Step 3 is only for the case that m > 2. By (i) and (ii) in Step 1, we know that for 
, Am and /i, #i(r, X, //) is strictly decreasing from 1 to —1 as Ai increasing from —00 
1 < a\ < 1 and fixed A2, • • • , A m and fi, there exists a unique real number 



fixed A2, 

to +00. Then for any 
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A1XA2, ■ ■ ■ > A m , fi, ai) such that 

Rl(r,X,fl) |Ai=Ai(A 2 ,-,A m ,M,«i) = °i- 
Further, using the implicit function theorem, we have that the function 

Ai = Ai(A2, • • • , A m , /x, 01) 
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defined on {(A 2 , • • • , A m ,/i, 01) : A 2 € 
and 



9Ai(A 2 ,--- rWw) 



9Ai(A 2 ,--- ,A m ,/i,ai) dAi(A 2 ,--- ,A m ,/j,ai) 



, A m G R, /U > 0, — 1 < a\ < 1} is a continuous function 



exist. 



<9A 2 ' d\m ' dti 

Step 4: For the case that m > 2, we will prove the following result: 

For an integer A; with 1 < k < m — 1, if 
(1) there exists a unique continuous function Ai = Ai(A2, • • • , A m , /i, ai), which defined on 
{(A2, ■ ■ ■ , A m ,^, ai) : A2 € R, ■ ■ ■ , A m G R, /[/ > 0, — 1 < ai < 1}, such that 



and 



9Ai(A2,--- ,A m ,/u,ai) 



Rl{r,\,v) |Ai=Ai(A 2 ,-,Am,^,ai) - a l> 
9Ai(A2,--- ,A m ,/i,ai) 8Ai(A2,--- ,A m ,/j,ai) py .;„i. 



<9A 2 ' ' d\ m ' 9^ 

(2) there exists a unique continuous function A2 = A2(A3,--- , A m ,//, 01, 02), which defined on 
{(A3, • • • ,\ m ,n, 01,02) : A3 G R, • • • , A m G R, /(/ > 0,ai G R, 02 G R, af + 02 < 1}, such that 



R 2 (r,X,fi) 



A 1 =A 1 (A 2 ,'" Am#,i>l) 
A 2= A 2( A 3>'" Ara ! C,»l)«2) 



0-2- 



and 



9A2(A3,--- ,A m ,/x,ai,a2) 
5A 3 • 



8A 2 (A 3 ,--- ,A m , 11,0,1,0,2) 8X2(^3, ■■■ ,A m ,/j,ai,a 2 ) 



SA, 



9/i 



exist; 



(k) there exists a unique continuous function A& = Afc(Afc+i, • • • , X m , fj,, 01, ■ ■ ■ , a&), which defined on 

{(Afc+i,--- ,A m ,//,oi,--- ,a fc ) : A fe+ i G R, ■ ■ ■ , A m G R,^ > 0,ai G R, ■ ■ • ,o fe G R, afn haf < 1}, 

such that 



R k (r,\,n) 



A 1 =Ai(A 2 ,--- ,A m ,/i,ai) 
A2=A2(A3,--- ,A m ,/i,ai,a2) 



Ofc, 



and 



9A fc (A fc _| 



,A m ,/x,ai,--- ,q fc ) 



Afc— Afc(Afc+i,--- ,X m ,fj,,ai,--- ,afc) 
<9A fc (A fc+1 ,--- ,A m ,^,ai,--- ,a fc ) <9A fc (A fc+1 ,--- ,A m ,^,ai,--- ,a fc ) 



exist, 



then 



d\ k+ i ' ' <9A m ' dfj, 

(1) it k < m — 2, then there exists a unique continuous function 

Afc+i = Afc+i(Afc + 2, • • • , A m , //, oi, • • ■ , afc+i), 

which defined on {(Afc +2 , • • • , A m , /tx, oi, ■ ■ ■ , afc+i) : A fc+2 G R, • • • , \ m G R, /i > 0, a\ G R, • 
R, a\ -\ h a| +1 < 1}, such that 



, cik+i G 



R k +i(r, \, n) 



Ai=Ai(A 2 ,--- ,A m ,|U,ai) 
A2=A2(A3/" ,A m ,/i,ai,a2) 



Ofc+1, 



Afc— Afe(Afe_|_i,-" ,A m ,/i,ai,--- ,afe) 
Afc+i=Afc + i(A fe+2 ,--- ,A m ,/i,ai,--- ,a fe+1 ) 

9A fc+1 (A fc+2 ,--- ,A m ,/j,ai,--- ,afc-|-i) dA fc+1 (A fc+2 ,--- ,X m ,fJ.,ai,--- ,afc+i) 9A fc+1 (A fc+2 ,--- ,A m ,/j,ai,--- ,afc+i) -„j.. 

9A fc+2 ' " " " ' d\ m ' dn eXlbt ' 

(2) if A; = m — 1, then there exists a unique continuous function X m = A m (//, ai, ■ ■ ■ , a m ), which 



and 
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defined on {(//, a±, ■ ■ • , a m ) : jx > 0, a\ £ R, • • • , a m £ K, a\ + • • • + a^ < 1}, such that 



R k+ i(r,X,n) 



A 1= Ai(A 2 ,--- ,A m ,/i,ai) 
A2=A2(A3,-- ,A m ,/i,ai,a 2 ) 

Am-l=Am-l(AmiMi«l,'" :' 

Am=A m (/^,ai ,-■• ,a m ) 



Now we will prove the result above. For 1 < k < m — 1, let 



V^l! -^25 ' ' ' > Afc, A 



fe+1) 



> A m ) — A 



Ai=Ai(A2,--- ,A m ,fi,ai) 
A2=A 2 (A3,-- ,A m ,/i,ai,a 2 ) 



Afc=Afe(Afc 



+ii 



■ ,A m ,/^,ai,--- ,afc) 



where 



Aj = Ai 



Ai=Ai(A 2 ,--- ,Am,M> a i) 

A2=A2(A3,**' ,Am,Mi a li a 2) 



, A2 — A2 



>Afc 



Afe— Afc(Afe + i,— ,A m ,^,ai,--- ,0^) 

- Afc I A fc =A fe (A fc+1 ,--- ,A m ,/Lt,ai,— ,afc) 



A 2 =A 2 (A3,--- ,A m ,/i,ai,a 2 ) 
Afc=Afc(Afc + i,--- ,Am,/Lt,ai,"' > a fc) 



Consider the function Rk+i(r, A*,/x). A simple calculation gives 
(4.26) 



ai? fc+ i(r,A*,At) 
9Afc + i 



i?, 



(fe+i)i 



dAj 

<9A fc+: 



+ ■R(fcH-i): 



5A fc+ i 



+ ••• + # 



(fc+i)fc 



dA£ 
9Afc + i 



+ R 



(fc+i)(fc+i) 



A=A* 



By the condition (1) — (k), we have for j = 1,2, ••• ,k, Rj(r,X*,pt) = aj and consequently 



ggifcAV) - 0, which is 



OA 



fe+i 



(4.27) 



i? 



sat 



31: 



+ i? 



?2" 



dx* 2 



+ 



9Afc + i yi 3Afc + i 
By ([4T27]) . P~26j) and Lemma EJ we have 



dR k+ i(r, X* , n) 



+ R 



jk 



°* + R 



dX, 



fc+i 



i(fc+i) 



for j = 1,2,- •• ,fc. 



A=A* 



<9A fcH 



-R21 


•#12 • • • #l(fc+l) 
#22 • • • #2(fc+l) 


-R(fc+l)l R(k+1)2 - - - -K(fc+l)(fe+l) 




R11 R12 ■ ■ ■ Rik 

R21 R22 • • • R2k 






Rkl Rk2 ■ ■ ■ Rkk 



A=A* 



9Rk+i(r,X* ,fJ.) 



Then by (I4.13D . we obtain unk +j^''* '£1 < q ; w hich shows that Rk+i(r, A*,/x) is strictly decreasing 
as a function of Xk+i- Note that — 1 < Rk+±(r, X*,fi) < 1 and Rk+i (r, X* , /i) is bounded since 
(i) and (ii) in Step 1. Thus, Rk+i(r,X* , fi), as a function of X k +i, respectively has finite limit as 
Afc + i — )• +00 and as A^+i — > —00. 

We claim that R k +i(r, X*,/J,) — > — a/1 



a^ as Afc+i ->■ +00, and R k+1 (r, X* , fj.) 



1 



a? as Afc + i 



-00. 
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As Xk+i —> +00. Note that for j = 1,2, • • • , k + 1, 



H+i 



ES x^ 



fc+i 



is bounded since 



*fc+i 






k+1 



A=A* 



A=A* 



< 1. Then there exists a subsequence (Afe+i) — )■ +00 such that for j 



1,2,- •• ,fc + l, 



Then we have 



A fc+i 



ESI/ 



fe+i 



has a finite limit tj. Let (A*) = A*|^ fc +1 =(Aj, + i) • 



A *:+i-( A fc+i) f 



(4.S 



lim 

p— »oo 



^fc+1 



^fc+1 ( \i 
^=1 U fc+] 



tj for j = 1,2,- •• ,fc+l. 



A=(A*) t 



We only need to prove that i?fc + i(r, (A*) , /x) — >■ -Jl — af — • • • — a| as /j — > 00. Let (^4(u;))p 
((i4i(w)) p , • • • , (A m (w))p) = A^a*) iM (w). By ([21) and g2HD we obtain for j = 1,2, • • • , fc + 1, 



lim 



(Af(w)), 



1 / 1 



lim 



p. \\rN-u\ n h *3 



yi + ^L^i 



1 



|rJV-w| 



n n 'n 



A=(A*) P 



(4.29) 





1 'j Aj 








\rN-ui\ n A fc+1 A fc+1 


p— 5" 00 


/ ^j 2 , r^m / 1 Jj 


Afc+i, 


) 2 


1 


\j H +1 ' ^ i=1 V l^-M n A fe +i 



A=(A*) E 



lim 

p— yoo 



^fc+i 



fe+1 I A 



EKtJ 
i=l 



Afc+i 



A=(A*), 



uniformly for uj £ S. By the Lebesgue's dominated convergence theorem and (j2.2|) . (|4.29p . we have 
for J = 1,2, --- ,fc + l, 



(4.30) lim R 3 {r, (A*) , /x) = lim / — = 



(Aj(w)) p 



5 Vi + l(^H) P l 2 is^xA + PM)^ 



da = lim 



(4/M) P 



da = ti 



k+1.2 



Note that -Rj(r, (A*) , if) = aj for j = 1, 2, • • • , fc by the condition (l)-(k), and Y2j=i tf = 1> t-k+i < 



by (14291) . Then by (EOU1) we have ^ = a,- for j = 1, 2, • • • , k, and t fc +i = — \/l - a{ 
Consequently 



'7c • 



lim R k +i(r, (A*) ,/j,) 



p— )-oo 



1-af 



V 



The first claim is proved. 

Using the method of the proof of the first claim, we can prove the second claim. It is proved that 



Rk+i(r, A*, if) is continuous and strictly decreasing from Jl — a{ 



a l to -\ l - a i 
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as Afc+i increasing from — oo to +00. Thus, for any 



1 



'1 



a% < afc+i < Jl-af 



and a\ + • • • + a? < 1, we have that 

(1) if k < m — 2, then there exists a unique real number \k+\(\k+2, • • • , A m , /x, ai, 

that 



,Ofc + i) such 



Rk+l(r, \* , V)\\ k+1 =\ k+1 (\ k+2 ,- ,\ m ,n, ai ,- ,a k+1 ) - Ofc+lJ 

further, using the implicit function theorem, we have that the function 

A/t+i(A fc+ 2,--- ,A m ,/i,ai,--- ,Ofe + i) defined on on {(X k+2 ,--- , A m ,/x,ai, • • • ,a fc+ i) : A fc+2 G R, ■ • ■ , 

A m G R, jU > 0, ai G R, • • • , afc+i G R, af + • ■ • + a^ +1 < 1} is a continuous function, and 

dA fc+1 (A fc+2 ,--- ijmifcglr iflfc+i) G>A fc+1 (A fc+2 ,--- ,A m ,/j,ai,--- .afc+i) £>A fc+1 (A fc+2 ,--- ,A m ,/j,ai,--- ,afc+i) ■ , 

a\ fc+2 ' " ' ' d\ m > a M exibl > 

(2) if k = m — 1, then there exists a unique real number A m (/x, ai, • • • , a m ) such that 

-Rfc+l( r > A ,A t )|A m =A m (^,oi ) ".,o m ) = a m', 

further, using the implicit function theorem, we have that the function A m (/x, 01, • • • , a m ) defined 
on on {(/x, 01, • • • , a m ) : /x > 0, a\ G R, • • • , a m G R, af + • • • + o? m < 1} is a continuous function. 

Step 5: For the case that m > 2, by Step 3 and Step 4 we have that there exists a unique 
continuous mapping 



A(/x, a) = A 



Ai=Ai(A2,--- ,A m ,/x,ai) 
Afc=A)i.(Afc + i,--- ,A m ,/i,ai,--- ,a fe ) 
A7n=A m (/^,ai ,-■■ ,a m ) 

a\ 2 < 1}, such that 



defined on {(/x,a) : \x > 0, a G R m , a = (01, • • • ,a r , 

Rj(r, A(/x, a), /x) = a,j for j = 1, 2, • • • , m, 

and g^' o) , • • • , dXm ^ a > exist, where (Ai(/i,o), • • • , A m (/x,<x)) = A(/x,a). 

Step 6: For m > 1, by Step 2 and Step 5 we know that there exists a unique continuous mapping 
A(/i, a) defined on {(/x, a) : /x > 0, a G R m , |a| 2 < 1}, such that 

(4.31) R(r,X(fj,,a),n)=a, 

and Al a y a) , • • • , 9A y a ) exist, where (Ai(/x, a), • • • , A m (/x,a)) = A(/x,a). 
In the following, we consider the function I(r, A(/x, a),/x). 
For a fixed a = (ai, • • • , a m ) G M m with |a| 2 < 1, write 

A(/x, a) = A(/x) = (Ai(/x), • • • , A m (/x)). 

Then 



(4.32) 



dI(r,A(/x),/x) 



dAi(/x) cJA 2 (/x) , riA m (/x) 
Jl ; r '2 ; !-••• + % ; r x t 



d/x \ ± d/i ' d\x d/x 

By (|4.3ip . we know that 

(4.33) Rj(r, A(/x), /x) = a^ for j = 1, 2, • • • , m 

and 



A=A(/,) 



(4.34) 



i? 



.A" 



ci Ai(/x) 
d/x 



+ -Rj2 



dA 2 (/x) 
d/x 



+ --- + R 



■jm 



d A m (/x) 

dfi 



R 



j i' 



for j = 1,2,- ■ ■ ,m. 



\=\(ti) 
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Then by (14.34J) . (14.32H and Lemma [U we have 
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dl(.r,\(n),ij,) 
djJL 



Rii R\2 
R21 R22 



Rrnl 

h 



Rm2 
h 



Rim 
R2m 



Rlfj, 
R-2n 



R 



mm 

J- in 



R 



m/i 



In 



R11 R12 
R21 R22 



R2m 



R 



ml 



Rm2 



R,, 



A=A(/x) 



By (|4.14p . we have a ~"' T "'^ w ' /J ' 1 > 0, which shows that I(r, A(/i), /i) is strictly increasing as a function 



dfi 

of \x. By (hi) in Step 1, we know that I(r,X(/j,),fi) respectively has hnite limit as \i — > and as 
\x — > +00. 

We claim that I(r, X(fj,), /j) — > as \i — > 0, and I(r, A(/u), /i) — > \/l — \a\ 2 as /j, — > +00. 

As /j, — > 0, there exists a subsequence //& — > such that Xi(nk) has a finite limit £ or tend 
to 00. We only need to prove that /(r, A (//&), //&) — )■ as k — )■ 00. Since I(r, A(/i&), /Ufe) = 
J g — == rfa, we only need to prove that |^ r ,A0ifc),/ik( c * ; )l ~~ ^ + 00 al mos t everywhere 

: l-X(Hk) >— ri^- — ^-^l{^k) 



1 

' S V 1+ I^MM fc ),M fc M| 2 

on S. Note that 



\A 



r,\(nk),Hk 



Ml 



1 



1 



and 



IriV-wl 



< 



If Xi(fJ-k) —)■ £ as A; 



(1 + r) n 
00, then 



< 



1 

/"A: 

1 



IriV — wl 



\rN -uj\ n - (1 -r) r 
Ai(//fc) is bounded and 



| r Ar-cj|" 'vlvpkv « ">"«>'"' "^« |t-jv-cj|" - Ai(/ife) / almost 
everywhere on 5\ Thus |A r ,A(f4fc),Mk( a; )l ~~ ^ ~'~ 00 a l mos t everywhere on 5. If Ai(//fc) — )• 00 as A; — > 00, 
then it is obvious that \Ar,\(u h ),p k (u)\ ~^ +°° uniformly for co £ S. The first claim is proved. 

uniformly for uj € S. For j = 1 or j = 2 or • • ■ or j = m , if there 



As yU — >■ +OO, i 



' /Li |rJV-w|'' 



exists a subsequence //& — > +00 such that Xj{jJLk) / Vk —> °°i then |A-,A(|i fc ) 



/'/, 



o> 



+00 uniformly 



for weS, and /(r, X(/Xk) 1 Mfe) — > 0, a contradiction. This shows that for j = 1, 2, • • • , m, Xj(fJ,)/fJ, 
is bounded as /i — >• +00. Thus there exists a subsequence /U& — )■ +00 such that —Xj((ik)/fJ-k tend to 
a finite limit tj for j = 1, 2, • • ■ , m. That is 



(4.35) 



lim 

fc— >oo 



-Xj{n k )/nk = tj for j = 1, 2, • • • , m. 



we only need to prove that I(r, X([ik), Hk) — > \A — \a\ 2 as k — )■ 00. Let 



(A(w))fc = ((Ai(w))fc, • • • , (A„(w))lt) 

By (f2~T]l and (14735]) we obtain for j = 1, 2, • • • , m, 



A 



r,X(n k ),fi k 



(«). 



lim 



(Aj(w))fc 



fc^oo^l + K^o,))^ 



(4.36) 



lim 

fc— >oo 



lim 

fc— >oo 



Mfc (|rJV-cjh^' ~ X j(^k)j 



1 + ?S 

A jOfc) 



1 ; 



Ai(jU fe ) 

£, 



i + E£i 



Aj(Mfc) 
Mfe 



1 + ££i *S 



22 £ 


1HAOYU 


uniformly for w£5, and 




lim 


— lim 


k-K*>y/l + \(A(u>)) k \ 2 


k—^oo 


(4.37) 


= lim 

k— >oo 



1 + -JT YT=1 \\rN-uj\™ l i ~ MMfc)J 
1 1 



1 + E m /A^)\ ^/1 + E£l* 



uniformly for oj £ S. By the Lebesgue's dominated convergence theorem and (|2.2fl . (|4.36p . f)4.37j) 
we have for j = 1, 2, • • • , m, 

fc lim Rj(r,X(, k ),, k ) =l^J s Vl ( ^ W ^ 

lim - (A > ))fc fr 



(4.38) 



i+Er=^ 



m + 2 



and 



lim /(r, X(fi k ),fi k ) = hm / — da 

•^oo ' k->ooJ S ,/l + \(A(uj)) k \ 2 



^°°Jsy/l + \(A(w)) k \ 



( 4 - 39 ) Js k^c ^/i + \(A(ui)) k \ 2 da 

1 



Note that Rj(r, \(nk)-,Hk) = Qj for j = 1, 2, ■ ■ ■ 

2 
+ 




i=i 




Then by (j4.38|) we obtain that h Jl m , 2 = a,- for j = 1, 2, • ■ • , m, and t== , = a/ 1 = l a l 2 - 
Consequently by (14. 391) . 



lim I(r,X(fi k ),fi k ) = a/1 - \a\ 2 . 

fc— >oo 

The second claim is proved. 

It is proved that I(r, A(/i),/x) is continuous and strictly increasing from to \J\ — \a\ 2 as /u 
increasing from to +oo. Thus, for any < b < \/l — \a\ 2 and \a\ < 1, there exists a unique real 
number n(a,b) such that /(r, A(/x(a, fe)),/x(a, 6)) = 6. Further, using the implicit function theorem, 
we have the function fi(a,b) defined on {(a, b) : a G M m ,6 £ R, |o| < 1, < b < -\/l — \a\ 2 } is a 
continuous function. 

Denote A(//(a, &)) by A(r, a, 6). Denote //(a, 6) by /x(r, a, 6). We have proved that there exist a 
unique pair of continuous mappings A = \(r,a,b) and /j, = /j,(r,a,b) such that R(r, A(r, a, 6), //(r, a, 6)) 
a and /(r, A(r, a, b), [i(r, a, 6)) = 6 on the upper half ball. The lemma is proved. □ 

Now we give the proof of Lemma 2. 
Proof of Lemma 2. We will prove Lemma 2 by two cases: m = 1 and m > 2. The case that m = 1 
will be proved in Step 1. The case that m > 2 will be proved in Step 2 - Step 5. 
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Step 1: For the case that m = 1, we have 
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K(r, A) 



i 



A 



\rN-u\ 



da 



A G (-00 



i 



f Jr. 
Js i_ 



AT-^ 



~T 



I \rN-ui\ r ' 
'I, 



(i<7, A € 



(l+r) n - 
1 1 



(l+r) n ' (1-r)"/' 
Ae [^J»,+00). 



Obviously 7£(r, A) = 1 when A < nj^n ; T^(r, A) = — 1 when A > ( ± \\n , and 1Z(r, A) is continuous 
and strictly decreasing from 1 to —1 as A increasing from rrryi to Q_ r \n ■ Then for any — 1 < a < 1, 
there exists a unique real number A (a) such that 



K(r,X) 



A=A(a) 



a. 



Further, using the implicit function theorem, we have that the function A = A(a) defined on 
{a : —1 < a < 1} is a continuous function. Write A(o) = X(r, a). Then the case that m = 1 is 
proved. 

Step 2: For the case that m > 2, we give some denotation and calculation. Let 

Ar,\(u) =A(uj) = (Ai(uj),A 2 (uj),--- ,Am(u)), 

K(r,\) = (Ki(r,X),K 2 (r,X),--- ,K m (r,X)), 

l = (h,--- Jm), A = (Ai, A 2 , • • • , A m ), and a = (ai,a 2 , ■ 



i 0"m) ■ 



By (USD, \A{uj)\ 



7X^-777 Ai ) + A| H h A^. So if let set 



£f = {A = (Ai,--- ,A m )eR ra :A 2 



0}, 



J > '"''' 9Ai 

i, j = 1, 2, • • • , m. Then a simple calculation gives that for A G M m \i? 



then obviously for i,j == 1,2, 
»,j = '- 

(4.40) 7< 



/>/., ra,(r,A) exigt for A e R my lf _ We denote ^M) = ^ for 



9A» 



u /' 



././ 



(4.41) 



n 



ji 



\A(u)\ 2 - Aj(u) 
\A{u)\* 

-Aj(u)Aj(u) 
\A(u)\* 



da for j = 1,2, ■ ■ ■ , m; 



dcr for z ^j;i,j = 1,2,- 



,m; 



It is easy to see that 

(1) by (12. 3D and (12. 4p , for j = 1, 2, • • • , m, 7£j(r, A) is a continuous function for any A G M m ; 

(2) by (12. 3D and (I2.4p . for j = 1, 2, • • • , m, fixing the components of A expect Aj, TZj(r, A) — > — 1 or 
1 according to Xj — > +oo or Xj — > — oo; 

(3) by ()2.3p and (I4.40J) . T^n < for any A G R m \-ff, and 7£i(r, A) is strictly decreasing as a function 
of Ai for fixed A2, • • • , X m with A2, • • • , X m are not all 0; 

(4) by d23D, for fixed A 2 = • • • = X m = 0, 



fti(r,A) 



1 



rJV-w| n 



1 



■ dcr 



S I | r jV- 



./;■ 



5 I IrJV-n l " ~ Al 



AiG 

da, Ai G 



-00 



1 



(l+r) n J' 
1 1 



(1+r)" ' (l-r) n h 



Ai G [(T-rfw,+oo); 



(5) by (f!Q1) and (J4.40J) . for j = 2, ■ ■ • , m, Kjj < for any A G M m , and 7fy(r, A) is strictly decreasing 
as a function of Xj for fixed the other components of A. 
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In addition, for A £ M. m \H, we claim that 

72-n 72-12 • • • T^i(k+i) 

72-21 72-22 ' ' ' 7£ 2 (fc+l) 



(4.42) 



7^(fc+i)i 72.( fc+1 )2 • • • 1Z(k+i)(k+i) 



7^-21 72-22 



72-i/t 
72-2/fc 



72-fci 72.fc2 • • • 72-^^ 



< for integer k with 1 < k < m — 1. 



Now we will prove the claim above. 

For (O0|) and l[OI]L let da = (l/\A{u)\ 3 )da, T = f g da, d£ = (1/T)da, b = J s \A(u)\ 2 d£, and 
for i,j = 1,2,--- ,m, a,ij = f s —Ai{oj)Aj{ui)d^, Cj = f s Aj(cu)d£,. Then T > 0, J s d^ = 1, and 



(4.43) 



72 



■3.1 



T ~ 
— (b 

T. 



+ djj) for j = 1,2, 



,m; 



72-jj = 5y for j ^ j;i, j = 1,2, • • • , m. 



(4.44) 

Since Ai(uj) = L.jyi^ i n — Ai by (|2.3|) and J" 5 d£ = 1, we have 

-on - c? = J A\{u)dti - (j A x {u)dti 



(4.45) 



IS 



Js 



d£>0. 



Since f s d£ = I and ^4j(w) = — Aj for j = 2, • • • , m by (|2.3p . we have 

(4.46) Oy = — / ^4j(w)d^ / .4j(a;)d£ = —C{Cj for i 7^ 1 or j 7^ l,«,j = 1,2, 

Js Js 

and 

(4.47) 



an «ij 
For integer 1 < p < m, let 



an -cicj 

-CjCl — CjCj 



cf (-an - c?) = A|(-an - c?) for j = 2, • • • 



, m. 



(4.48) 



Q, 



6 + On «12 

021 b + 022 



(Zip 
02p 

6 + a 



< W j 



«pl dp2 

Since A G M m \7^, we have that when p = 1, Qi = 6 + on > 0. By (I4.46P and Lemma 01 we have 
that when p > 2, 

V i =1 / i= 2 

Consequently, by (OTD . (OBI . > 0, and A G M m \if , we obtain that when p > 2, Q p > 0. 



5n dij 

djl CLjj 



on ay 

Ojl Ojj 
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By (I4.43J) . (14.441) and (|4.48p . we have for integer k with l<k<m-l, 
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^21 


^-12 • • • ^l(fc+l) 
^-22 • • • T^2(k+1) 


H{k+l)l ^(fc+l)2 " " " ^(fc+l)(fc+l) 




^•11 ^12 • • • T^lk 
"^-21 ^-22 • • • T^2k 






Tiki 7^fc2 • • • Tlkk 





(-T) 



fc+i 



b + on ai2 

021 & + (X22 

«(fc+l)l "(fc+l)2 



a l(fc+l) 

«2(fe+l) 



6 + a 



(fc+i)(fc+i) 



(-TY 



\k+l 



b + an ai2 

021 6 + (222 



«fci 



Ofc2 



aifc 

b + CLkk 



(-T)^Q k+1 
(-T) k Q k 

Qk+l 



(-T) 



Ch 



Note that T > 0, Q fc > 0, Q k +i > 0. Then the claim (j4~42j) is proved. 

Step 3: For the case that m = 2, by (l)-(3) in Step 2, we know that for fixed A2, • • • , A m with 
A2, • ' ' > A m are not all 0, 1Zi(r, A) is strictly decreasing from 1 to —1 as Ai increasing from —00 to 
+00. by (4) in Step 2, we know that for fixed A2 = • • • = A m = 0, TZ\(r, A) = 1 when Ai < i 1+r \ n , 
TZi(r, X) = — 1 when Ai > nj^w , and TZ\(r,X) is continuous and strictly decreasing from 1 to —1 



as Ai increasing from 



1 



(1-r) 

to 



1 



(1+r)" (l-r) n ■ 



exists a unique real number Ai(A2 



Then for any — 1 < a\ < 1 and any fixed A2, • • • , A m , there 
, A m ,ai) such that 



Ki{r, A) |A 1 =Ai(A 2 ,-,A m ,a 1 ) 



ai . 



Further, using the implicit function theorem, we have that the function Ai = Ai(A2, 



, A m , a\j 



defined on {(A2, 

i9Ai(A2,---,A m ,ai) 



. A m ,ai) : A2 G 



d\i(\2,--- ,A m ,ai) 



•• , X m S 1, -1 < ai < 1} is a continuous function and 
exist for (A2, • • • , X m , a±) with A2, • • • , A m are not all 0. 



dX 2 ' ' <9A 

Step 4: For the case that m > 2, we will prove the following result: 

For an integer k with l<fe<m— 1, if 

(1) there exists a unique continuous function Ai = Ai(A2, • • • , A m , a\) 

{(A2, • • • , A m , a\) : A2 G R, • • • , A m G R, — 1 < ai < 1}, such that 

^i(r-,A) | Al=Al(A2r .. >Amiai) =ai, 



which defined on 



and 



8Al(A ^ A ' Am ' ai) , • • • , 8Al(A2 g A ; Am ' ai) exist for (A 2 , • • • , A m , ai) with A 2 , • • • , A m are not all 0; 
(2) there exists a unique continuous function A2 = A2(A3, • • • , X m , a±, 02)1 which defined on 
{(A3, • • • , A m , 01, 02) : A3 G R, • • • , X m G R, ai G R, a 2 G R, af + a\ < 1}, such that 



A 2 = A 2(- >1 3."- Am,«l,"2) 



0-2, 



j 8A 2 (A 3 ,---,Am,ai,ffl2) 
<9A S : 

allO; 



^ 2 (r,A) 

— 2 3 '"qx rn ' ai ' a2 ' exist for (A3, • • • , A m , 01, 02) with A3, • • • , A m are not 



(k) there exists a unique continuous function A& = Afc(Afc+i, • • • , A m , 01, • • • , Ofe), which defined on 
{(A fc+ i, • • • , X m , 01, • • • , Ofe) : A fc+ i G R, • • • , A m G R, ai G R, • ■ • , a k G R, a? H h a^ < 1}, such 
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K k {r,X) 



Al=Al(A2,-" ,A m ,Ol) 

A2=A2(A3,--- ,A m , 01,02) 



Ofc) 



and 



9Afc(Afc + i,--- ,A m ,oi,--- ,Qfc) 



-^fc— -\fc(-\fc+i>'"' lAmiOir" Ak) 
QAfc(Afc +1 ,--- ,A m ,ai,--- ,0^) 



<9A„ 



d\k+i ' 

Afc+i , • • • , X m are not all 0, 

then 

(l)if&<m — 2, then there exists a unique continuous function 

Afc+i = Afc+i(A fe +2,--- ,A m ,ai,--- ,a fe+ i), which defined on {(A fe+2 ,- 

R, ■ ■ • , A m € M, ai € M, ■ ■ • , (ik+i G M, af H h a| +1 < 1}, such that 



exist for (X k+ i, • • • , X m , ai, ■ ■ ■ ,a k ) with 



. A m ,ai,--- ,Ofe+i) : A,t + 2 G 



^-fc+i( r >A) 



Ai=Ai(A2,"- ,A m ,ai) 
A2=A2(A3,--- ,A m , 01,02) 



Ofc+li 



Afc— Afc(Afc_|_i,--- ,A m ,ai,--- ,0^) 

Afc+l=Afc_|_i(Afc + 2,--- ,A m ,01,--- ,Ofc_|_i) 



j 9A fc+1 (A fc+2 ,--- ,A m ,oi,--- ,Qfc+i) 
<9Afc + 2 



QA fc+1 (A fc+2 ,--- ,A m ,ai,--- ,Qfc+i) 
9A m 



exist for 



(Ajfc+2,--- ,A m ,oi,--- ,«fc+i) with A fe+ 2,--- >A m are not all 0; 

(2) if fc = m — 1, then there exists a unique continuous function A m = A m (ai, 
defined on {(ai, • • • , a m ) : a± G R, ■ ■ ■ , a m G R, a\ + • • • + o? m < 1}, such that 



Km(r, A) 



Ai=Ai(A2,--- ,A m ,ai) 
A2=A2(A3,--- ,A m , 01,02) 



A m — 1 — A m _l(Aro,'" ,A m ,Ol,--- ,O m — 1) 
Am— Amtfll,"" ,O m ) 



Now we will prove the result above. For 1 < k < m — 1, let 



A — (Ai, A 2 , • • • , A fc , Afc+i, • • • , A m ) — A 



Ai=Ai(A2, f " ,A m ,ai) 
A2=A2(A3,--- ,A m , 01,02) 



Afc=Afc(Afc+i,--- ,A m ,ai,--' ,0^) 



where 



K = Xi 



Ai=Ai(A2,--- ,A m ,ai) 
A2=A2(A3,--- ,A m , 01,02) 



, A2 — A2 



Afe— Afc(Afc+i,--- ,A m ,oi,--- ,0^) 
, A fc = Afc |Afc=Afc(Afc+i,— ,A m ,ai,— ,Ofc) 



A2=A2(A3,--- ,A m , 01,02) 
Afc=Afc(Afc+i,--- ,A m ,ai,"- ,afe) 



, a m ) , which 



Consider the function 1Zk+i{r, A*). A simple calculation gives for A* with A&+i, • • • , A m are not all 
0, 

(4.49) 



d K k+1 (r,\*) 

dXk+i 



K 



(fc+i)i 



dA^ 
3A fc+: 



+ 7e 



dX% 



dXt 



(fc+l)2 



^ A , +1 +--- +W (*+l)*^+ W (*+l)(*+l) 



A=A* 
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By the condition (l)-(k), we have for j = 1, 2, • • ■ , k, lZj(r, A*) = a,j and consequently ^a — - = 
for A* with A^+i, • • • , X m are not all 0, which is 



(4.50) 



n,-, 



dX\ 



dX% 



dX 



d^k+i dXk+i 

By (|4.50p . (|4.49p and Lemma we have 



HA h\ \ 

+ ^i2 or- 3 - + • • • + n jkj^- + n i(k+i) = for j = 1, 2, • • • , k. 



" dXk+i 



A=A* 



dTZ k+1 (r,X*) 
dX k+ i 



Tin 

n 21 


TZ-vi ■ ■ ■ TZi(k+i) 

^•22 • • • T^2(k+1) 


T^-(k+l)l Tt{k+1)2 ■ ■ ■ T^(k+l)(k+l) 




7^11 ^-12 • • • T^-lk 
7^21 7^-22 • • • T^2k 






T^-kl T^k2 ■ ■ ■ T^kk 



A=A* 



dTZ k+1 (r,X*) 



~5X 



fc+i 



< for A* with 



for A* with Afc+i,--- , A m are not all 0. Then by (|4.42|) . we obtain 
Xk+i, • • • , X m are not all 0, which shows that when A^+i ^ 0, lZ k +i(r, A*) is strictly decreasing as a 
function of A^+i. Since 1Z k+ \(r, A*) is continuous as a function of A^+i by the condition (l)-(k) and 
(1) in Step 2, then for Afc + i G R, lZ k+ i(r, A*) is strictly decreasing as a function of X k+ i. Note that 
-1 < TZ k+1 (r,X*) < 1 and Tl k+1 (r, A*) is bounded since (2) and (5) in Step 2. Thus TZ k+ i(r, A*), 
as a function of Afc + i, respectively has finite limit as A^+i — > +oo and as X k+ i — > — oo. 

We claim that TZ k+ i(r, A*) — > — J 1 — a\ — • • • — a\ as X k+ i — > +oo, and 
^ fe+ i(r,A*)- 



\-a{ 



a\ as Afc + i — > — oo. 



As A 



fc+i 



+oo. Note that for j = 1, 2, • • • , k + 1, 



*7 




A fc + 1 


/v-fe+i/^ A i 


)' 


V^^v^+i, 



is bounded since 



A=A* 



A fc+i 



Y^fc + l/ A i 

^ =1 l A fc+i 



1,2,- •■ ,fc + l, 



Then we have 



A=A* 



< 1. Then there exists a subsequence (X k+ {) — > +oo such that for j 



A fc+i 



yfc+lf A i 

^ i=1 V A fc+i 



has a finite limit tj. Let (A*) = A* 



Afe+i— (Afc+i) 



A=A* 



A fc+i-( A fc+i) t 



(4.51) 







p— J-OO 


/ V fc+1 f A; A 2 



^ for j = 1,2, ••• ,fc + l. 



A=(A*) X 



We only need to prove that 7£fc+i (r, (A*) ) — > — Wl — a 2 — • • • — a 2 , as p — > oo. Let 

CA(w)) p = ((Ai(u))p, ■■■ , (A m (uj)) p ) = A r>{x *) p {v)- 
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By (|2~3j) and (j4~5Tj) we obtain for j = 1, 2, • • • ,k + l, 



lim (A-M) P = lim 

p^oo |(^4(u;))p| p->oo 



i /. _ \ . 



2^i=l ( W-N-wl"^ ** 



A=(A*) p 



(4.52) 





1 Zj Aj 






|rJV-u;| n A fc+ i A fc+i 


j— >oo 


/r ,m f 1 k A, 


)' 




\j l^i=l y \rN-Lj\™ X k+1 X k+1/ 



A=(A*) P 



lim 

p— >oo 



^fc+1 



fe+1 / Xj 



EK+J 
i=l 



\fc+i 



A=(A*) E 



uniformly for u £ S. By the Lebesgue's dominated convergence theorem and (I2.4p . (|4.52p . we have 
for j = 1,2,- •• ,fc + l, 



(4.53) 



lim 7£,(r, (A*)J = lim / 

p— >oo " p— >oo Jn 



(AM), 



(i<7 



lim 



( ^ (w)) *cfr = t. 



/siMM) P i ysp-*°° k^(w))pi 

Note that 7^,(r, (A*) ) = a, for j = 1,2, ••• ,k by the condition, and £*ii*j = 1, tfc+i < by 

(|4.52p . Then by (|4.53jl we have tj = aj for j = 1, 2, ••• , &, and t k +i = —\\ — a\ 
Consequently 



4- 



lim TZ k+1 (r,(X*)) 

p— »oo ^ 



l-ai 



The first claim is proved. 

Using the method of the proof of the first claim, we can prove the second claim. It is proved that 



lZ k+ i(r, A*) is continuous and strictly decreasing from J 1 — of 
as Afc+i increasing from — oo to +oo. Therefore, for any 



a l t °-\J 1 - a i 



l-a\ 



■ - a% < a k+1 < yj 1 - a\ a% 

with a\ — ■ ■ ■ — at < 1, we obtain 

(1) if k < m— 2, then there exists a unique real number Afc+i(Afc+2, • • • , A m , oi, • • • , a k +i) such that 

^-fc+i(^A*)| Afc+1=Afc+1 ( Afc+2r .. >Am)ai) ... iafc+i ) = ofc+i; 

further, using the implicit function theorem, we have that the function 

Afc+i(Afc+2 5 • • • )A m ,ai,--- , afc+i) 

defined on on {(A fc+2 , • ■ ■ ,A m ,ai,--- ,a fc+i ) : A fc+2 G R, ••• ,A m G R > 0,ai G R, • • • , a k+1 G 



»., u, x 



+ • • • + aj, +1 < 1} is a continuous function, and 

<9Afc + i(Afc + 2, • • • , A m ,ai,--- , afc+i) <9Afc + i(A / t + 2, • • • ,A m ,ai,--- , Ofc+i) 



5A feH 



9A, 



exist; 

(2) if k = m — 1, then there exists a unique real number X m = A m (ai, • • • , a m ) such that 

rlm\f-,X )\Xm=\m(ai,— ,a m ) = a m] 

further, using the implicit function theorem, we have that the function 

A m = A m (oi,- • • ,o m ) defined on {(ai,- • • ,a m ) : ai G R, • • • ,a m G R, a\ + • • • + a m < 1} is a 

continuous function. 
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Step 5: For the case that m > 2, by Step 3 and Step 4 we have that there exists a unique 
continuous mapping 

A(o) = A 



Ai=Ai(A2/" ,A m ,ai) 
Afc=Afc(Afc+i/" ,A m ,ai,--- ,aj.) 

A m =Am(ai ,■■■ ,Q>m) 

defined on {a = (a±, ■ ■ ■ , a m ) £ W™ : \a\ < 1}, such that 

i?(r,A(a)) =o. 
Write A(a) = A(r, a). Then the case that m > 2 is proved. D 
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